A two-category of Hamiltonian manifolds, and a (1+1+1) field theory by Cazassus, Guillem
A TWO-CATEGORY OF HAMILTONIAN MANIFOLDS,
AND A (1+1+1) FIELD THEORY
GUILLEM CAZASSUS
Abstract. We define an extended field theory in dimensions 1 ` 1 `
1, that takes the form of a “quasi 2-functor” with values in a strict
2-category zHam, defined as the “completion of a partial 2-category”
Ham, notions which we define. Our construction extends Wehrheim
and Woodward’s Floer Field theory, and is inspired by Manolescu and
Woodward’s construction of symplectic instanton homology. It can be
seen, in dimensions 1 ` 1, as a real analog of a construction by Moore
and Tachikawa.
Our construction is motivated by instanton gauge theory in dimen-
sions 3 and 4: we expect to promote zHam to a (sort of) 3-category via
equivariant Lagrangian Floer homology, and extend our quasi 2-functor
to dimension 4, via equivariant analogues of Donaldson polynomials.
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2 GUILLEM CAZASSUS
1. Introduction
If n and d are integers, we denote by Cobn`1`¨¨¨`1 the (weak) d-category
with objects closed n-manifolds, 1-morphisms pn`1q-manifolds with bound-
ary, 2-morphisms pn ` 2q-manifolds with corners, ... d-morphisms pn ` dq-
manifolds with corners.
Donaldson polynomials are invariants of smooth 4-manifolds defined by
counting solutions to the anti-self dual equation. They contain a lot of
information and are sensitive to the smooth structure, but are also very
difficult to compute. A major challenge is to understand how they undergo
cut and paste operations.
Instanton homology groups are associated to some 3-manifolds, and were
first introduced by Floer as a categorification of the Casson invariant. They
can also be used to define relative Donaldson invariants of 4-manifolds with
boundary, which behave (almost) as a (3+1)-TQFT.
Ideally, one might want to be able to recast these invariants as an "ex-
tended TQFT", ie build a (symmetric monoidal) 4-functor from Cob0`1`1`1`1
(or a variation that incorporates cohomology classes) to some 4-category,
such that this 4-functor applied to a closed 4-manifold (seen as a 4-morphism)
essentially corresponds to its Donaldson polynomial.
In this direction, building on the Atiyah-Floer conjecture, Wehrheim and
Woodward proposed such a functorial behaviour in dimensions 2+1+1. For
this purpose they defined a 2-category that could serve as a target for a
2-functor from Cob2`1`1. Their 2-category is inspired by Weinstein’s sym-
plectic category: objects are (some) symplectic manifolds, 1-morphisms are
(equivalence classes of sequences of) Lagrangian correspondences, and 2-
morphisms are "quilted Floer homology" classes. Unfortunately, as the sym-
plectic manifolds and Lagrangian correspondences are singular, Floer homol-
ogy in this setting is presently not defined. Nonetheless, this construction
has been implemented in slightly different settings, using nontrivial bundles,
see [WW16, WW15].
The main motivation of this paper is to extend such a functorial picture
down to dimension 1, namely to build a (symmetric monoidal) 3-functor
Φ: Cob1`1`1`1 Ñ Ham that "extends down" Wehrheim and Woodward’s
Floer Field theory: We want to build a (symmetric monoidal) 3-category
Ham with the property that, denoting e its unit object, the endomorphism
2-category Endpeq is similar with Weinstein-Wehrheim-Woodward’s sym-
plectic category Symp (see remark 3.19).
Viewing then Cob2`1`1 as the endomorphism 2-category of the empty set
EndpHq in Cob1`1`1`1; the functor, restricted to Cob2`1`1, lands in Endpeq
and corresponds to Wehrheim and Woodward’s Floer field theory functor,
modulo the replacement of Symp by Endpeq.
In this paper we build such a theory in dimension 1` 1` 1. That is, we
build a 2-category zHam, and a quasi 2-functor Φ: Cob1`1`1 Ñ zHam, that
should be monoidal and symmetric for a monoidal and symmetric structure
on zHam that we will construct in [Caz].
For doing so we associate moduli spaces of flat connexions to surfaces
with no closed components. We use open parts of the extended moduli
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space of Huebschmann and Jeffrey, following a construction of Manolescu
and Woodward[MW12].
These moduli spaces satisfy a "gluing equals reduction" principle (see
proposition 4.5): if Σ has k boundary components, these moduli spaces
N pΣq carry an SUp2qk-Hamiltonian action (corresponding to constant gauge
transformations on each boundary component), and if Σ and S (have re-
specively k and l boundary components and) are glued along m components,
then
N pΣY SqzC “ pN pΣq ˆN pSqq{pSUp2qqm,
where C is a finite union of codimension 3 submanifolds.
This gluing equals reduction principle motivates the definition of the com-
position of 1-morphisms (corresponding to the spaces N pΣq) in Ham. Let
us first give a naive definition of what Ham could be:
‚ objects are Lie groups,
‚ 1-morphisms form G to G1 are pGˆG1q-Hamiltonian manifolds,
‚ 2-morphisms: if both M and N are 1-morphisms form G to G1, a
2-morphism from M to N is a pG,G1q-Lagrangian correspondence,
that is a pGˆG1q-Lagrangian in M´ ˆN , (see definition 3.11),
‚ (horizontal) composition of 1-morphisms is defined as the symplectic
quotient of the cartesian product: if M is a 1-morphism form G to
G1 and N a 1-morphisms form G1 to G2, define
M ˝1h N “ pM ˆNq{G1,
where G1 acts diagonally on M ˆN , with moment map µdiag defined
by
µdiagpm,nq “ µM pmq ` µN pnq.
Both actions of G and G2 descend to this quotient, and endow
M ˝1h N with a GˆG1-Hamiltonian action.‚ vertical composition of 2-morphisms is defined as composition of cor-
respondences in the usual way.
‚ horizontal composition of 2-morphisms is defined as quotient of the
product of correspondences.
Unfortunately, this definition faces similar problems of Weinstein’s sym-
plectic category: compositions are not always well-defined. For example,
M ˝1hN can be singular if 0 is not a regular value of the moment map µdiag.
One way to remedy this problem would be to enlarge the class of geo-
metric objects we consider (by analogy with schemes or stacks in algebraic
geometry), so that these compositions are always defined. It is likely that
shifted symplectic geometry could be used in order to do that. However, it
would then be less obvious to define Floer homology inside such more com-
plicated spaces. For this reason, we follow the approach of Wehrheim and
Woodward[WW16]: in order to turn Weinstein’s symplectic category to a
honest category, they define a category where morphisms consist in equiva-
lence classes of sequences of Lagrangian correspondences, modulo embedded
compositions. Composition is then defined by concatenation (and agrees
with composition of correspondences, when these are embedded). We take a
similar approach at the 2-category level: we first define a “partial 2-category”
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Ham, where compositions are only partially defined. We will refer to the
morphisms of Ham as simple morphisms. And then we complete Ham to
a strict 2-category zHam, where 1-morphisms consist in equivalence classes
of sequences of simple 2-morphisms, and 2-morphisms equivalence classes
of diagrams of simple 2-morphisms. A subtlety arise when defining the 2-
morphism spaces: if u, v P hom1px, yq are 1-morphisms, the set shom2pu, vq
should be independent in the choice of representatives of u and v. For this
reason, we introduce a “diagram axiom” that ensures this independence of
representatives.
A similar category has been introduced by Moore and Tachikawa [MT12]
in the holomorphic setting, and could serve as a target for SLp2,Cq analogues
of instanton homology, as introduced in [AM17, CM18].
Organization of the paper. In section 2 we set up an algebraic framework
for the categories we are interested in: we introduce the notion of partial 2-
categories, and construct their completion. In section 3 we define the partial
2-category Ham, as well as two analogous categories LieR and LieC. In sec-
tion 4 we introduce the moduli spaces that are involved in our construction.
In section 5 we construct the quasi-2-functor. In section 6 we outline some
future directions that motivates the constructions in this paper.
Acknowledgments. We thank Paul Kirk, Artem Kotelskiy, Andy Manion,
Ciprian Manolescu, Catherine Meusburger, Mike Miller, Nicolas Orantin,
Raphael Rouquier, Matt Stoffregen, Chris Woodward, Guangbo Xu and Wai-
Kit Yeung for helpful conversations, in particular we thank Guangbo Xu for
suggesting the relation with Seiberg-Witten theory of section 6.5. We also
thank Semon Rezchikov for pointing out the work of Moore and Tachikawa.
2. Partial 2-categories
2.1. Definition. We now define partial two-categories, as two categories
where the compositions are only partially defined. These can be seen as 2-
category analogs of Wehrheim’s categories with Cerf decompositions [Weh16].
In the next section we associate a strict 2-category to such partial 2-categories.
We denote the sets of morphisms in a partial category shomk, and we in-
troduce other sets homk of "representatives of general morphisms", of which
the sets of (general) morphisms homk of the completion will be a quotient.
We start by defining a partial two-precategory. A partial two-category
will satisfy an additional axiom that will be stated later in definition 2.5.
Warning: Our conventions for compositions differ from the standard one
for composition of maps: if ϕ : x Ñ y and ψ : y Ñ z are morphisms, we
denote their composition ϕ ˝ ψ : xÑ z.
We apologize for the length of the following definition. The opposite
operations correspond to changing orientations of cobordisms, and can be
safely ignored in a first reading.
Definition 2.1. A partial two-precategory C consists in:
‚ A class of objects ObC .
‚ An involution x ÞÑ xop on objects. xop is called the opposite object.
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‚ For each pair of objects x, y, a class shom1px, yq of simple 1-morphisms.
‚ For each pair of objects x, y, an involutive map shom1px, yq Ñ
shom1py, xq, ϕ ÞÑ ϕT , which we call adjunction.
‚ An opposite involution shom1px, yq Ñ shom1pxop, yopq, ϕ ÞÑ ϕop.
‚ A partial horizontal composition: for each triple x, y, z of objects, a
subset of composable 1-morphisms
comp1px, y, zq Ă shom1px, yq ˆ shom1py, zq,
and a composition map
˝1h : comp1px, y, zq Ñ shom1px, zq,
that is compatible with adjunction: if pϕ,ψq P comp1px, y, zq, then
pψT , ϕT q P comp1pz, y, xq and pϕ ˝1h ψqT “ ψT ˝1h ϕT .
For two objects x, y we define the class of representatives of general
1-morphisms hom1px, yq to be the class of finite (and possibly empty
if x “ y) sequences
ϕ “
ˆ
x
ϕ1
// x1
ϕ2
// ¨ ¨ ¨ ϕk // y
˙
,
with ϕi P shom1pxi´1, xiq, x0 “ x and xk “ y.
Define adjunction hom1px, yq Ñ hom1py, xq by:
ϕT “
˜
y
ϕTk // xk´1
ϕTk´1
// ¨ ¨ ¨ ϕ
T
1 // x
¸
.
If ψ P hom1px, yq and ϕ P hom1py, zq are such sequences, we
denote ψ71hϕ P hom1px, zq their concatenation.
‚ For any ϕ,ψ P hom1px, yq, a class of simple 2-morphisms, denoted
shom2pϕ,ψq.
‚ Identification 2-morphisms for horizontal composition of elementary
1-morphisms: if pϕ,ψq P comp1px, y, zq,
Iypϕ,ψq P shom2ppϕ,ψq, ϕ ˝1h ψq.
‚ Cyclicity: for any cyclic sequence ϕ71hχ71hρT 71hψT P hompx, xq, coher-
ent1 identifications
shom2pϕ71hχ, ψ71hρq » shom2pψT 71hϕ, ρ71hχT q.
y
χ

y
x
ϕ
@@
ψ

ó z » x
ϕ
??
ñ z.
χT
``
t
ρ
@@
t
ρ
>>
ψT
__
1in the sense that the composition of two such identifications corresponds to the iden-
tification associated with the new reordering.
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In other words, the set shom2pϕ,ψq only depends on the cyclic
sequence ϕ71hψT .
‚ Opposites: shom2pϕ,ψq Ñ shom2pϕop, ψopq, A ÞÑ Aop.
‚ Adjunctions: involution shom2pϕ,ψq Ñ shom2pψ,ϕq, A ÞÑ AT .
We require these involutions to be compatible with the cyclicity
identifications, in the sense that the following diagrams, where hori-
zontal arrows are adjunctions and vertical arrows are cyclic identifi-
cations, should commute:
shom2pϕ71hχ, ψ71hρq //

shom2pψ71hρ, ϕ71hχq

shom2pψT 71hϕ, ρ71hχT q // shom2pρ71hχT , ψT 71hϕq.
‚ A partial vertical composition: for each triple ϕ, χ, ψ in hom1px, yq,
a subset of composable 2-morphisms
comp2pϕ, χ, ψq Ă shom2pϕ, χq ˆ shom2pχ, ψq,
and a composition map
˝2v : comp2pϕ, χ, ψq Ñ shom2pϕ,ψq,
that is compatible with adjunction: if pA,Bq P comp2pϕ, χ, ψq, then
pBT , AT q P comp1pψ, χ, ϕq and pA ˝1h BqT “ BT ˝1h AT .
If ϕ : xÑ y and ψ : y Ñ z are composable 1-morphisms, we require
that Iypϕ,ψq can be vertically composed to the right and left with
any other adjacent morphism.
We now define diagrams and concatenation of diagrams, which are in-
volved in the completion.
Remark 2.2. Notice that we don’t have a horizontal composition of 2-morphisms
in this definition. Such a composition will be defined only after completion.
Definition 2.3. Fix a partial two-precategory C,
‚ (Representatives of general 2-morphisms) Let ϕ,ψ P hom1px, yq, de-
fine the set of representatives of general 2-morphisms hom2pϕ,ψq as
the set of planar, simply connected, polygonal diagrams of simple
2-morphisms from ϕ to ψ: vertices are objects, edges are simple 1-
morphisms, and faces simple 2-morphisms of C. An example of such
a diagram is diagram 1 below.
(1)
. . .
x . . y
. . .
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Such diagrams may contain no simple 2-morphisms: if ϕ “ ψ,
D “ tϕu is a diagram in hom2pϕ,ψq. In particular if ϕ P hom1px, xq
is the empty sequence, D “ txu is also a diagram in hom2pϕ,ψq.
‚ (Vertical concatenation) Let C P hom2pϕ,ψq and D P hom2pψ, χq,
denote
C72vD P hom2pϕ, χq
their vertical concatenation, obtained by gluing the two diagrams
along ψ.
‚ (Horizontal concatenation) Let C P hom2pϕ,ψq andD P hom2pϕ1, ψ1q,
denote
C72hD P hom2pϕ71hϕ1, ψ71hψ1q
their vertical concatenation, obtained by gluing the two diagrams
along the common target y of ϕ and ψ.
One can see that the concatenations 71h, 72h and 72v are associative in the
strongest possible sense, and make the set of objects, hom1 and hom2 into
a strict 2-category C, which we refer to as the pre-completion of C.
Definition 2.4. Let ϕ “ pϕ0, ¨ ¨ ¨ , ϕnq P hom1px, yq, we say that ϕ1 is a
composition of ϕ and that ϕ is a decomposition of ϕ1 if for some index i, ϕi
and ϕi`1 are composable, and ϕ1 “ p¨ ¨ ¨ , ϕi´1, ϕi ˝1h ϕi`1, ϕi`2, ¨ ¨ ¨ q.
Definition 2.5. A partial 2-precategory is a partial 2-category if the follow-
ing axiom holds:
(Diagram axiom) Let ϕ
0
, ϕ
1
, ... , ϕ
k
be a sequence of representatives
of general 1-morphisms in hom1px, yq such that for each i, ϕ
i`1 is either
a composition or a decomposition of ϕ
i
in the sense of definition 2.4. To
such a sequence is associated a diagram D P hom2pϕ
0
, ϕ
k
q given by patching
altogether all the identification 2-morphisms or their adjoints arising from
the compositions/decompositions.
The axiom requires that for any such sequence with ϕ
k
“ ϕ
0
, the diagram
D is an identity for ϕ
0
in the following sense: for any L P shom2pψ,ϕ
0
q,
using cyclicity of simple 2-morphisms, L can be composed successively with
all the identification 2-morphisms or their adjoints, call L ˝2v D the resulting
2-morphism in shom2pψ,ϕ
0
q. The diagram D being an identity means that
L ˝2v D “ L for any such ψ and L, and also D ˝2v L “ L for any L P
shom2pϕ
0
, ψq, with D ˝2v L defined analogously.
Remark 2.6. (Consequences of the definition) It follows from the diagram ax-
iom that for any composable pϕ,ψq P comp1px, y, zq, Iypϕ,ψq and its adjoint
are inverses, in the sense that Iypϕ,ψq ˝2v Iypϕ,ψqT and Iypϕ,ψqT ˝2v Iypϕ,ψq
are identities for pϕ,ψq (resp. for ϕ˝1hψ) with respect to vertical composition.
Partial associativity of simple 1-morphisms also follows from this axiom:
whenever all the compositions appearing are defined, one has pϕ˝1hχq˝1hψ “
ϕ ˝1h pχ ˝1h ψq.
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2.2. Completion. We now describe how to "complete" a partial 2-category
C to a strict 2-category. Loosely speaking, one concatenates morphisms when
they cannot be composed, as in Wehrheim and Woodward’s construction of
the symplectic category Symp# [WW16].
Definition 2.7. (Completion of a partial 2-category) Let C be a partial
2-category. The following construction defines a strict 2-category pC, called
completion of C.
‚ Objects of pC are the same as the objects of C.
‚ Given two object x and y, the set of 1-morphisms hom1px, yq is
defined as the quotient of hom1px, yq by the relation generated by
compositions: we identify ϕ and ϕ1 if ϕ1 is a composition of ϕ in the
sense of definition 2.4. Moreover, if ϕ P shom1px, xq is an identity
for x in the sense that it can be composed to the left and right with
any adjacent simple 1-morphism ψ, and ϕ ˝1h ψ “ ψ or ψ ˝1h ϕ “ ψ;
then we identify such an identity with the empty sequence.
‚ To define the spaces of 2-morphisms we first define a set hom2pϕ,ψq
for representatives ϕ,ψ P hom1px, yq, and use the diagram axiom to
define hom2prϕs, rψsq, with rϕs, rψs the equivalence classes in hom1px, yq.
Let hom2pϕ,ψq be the quotient of hom2pϕ,ψq by the following
relation: if D is a diagram such that two faces A and B have a
connected intersection χ P hom1px, yq, by cyclicity we can assume
that A P shom2pα, χq and B P shom2pχ, βq, for some α and β. If A
and B are composable, then we identify D with the diagram obtained
by removing the edge χ, and merging the two faces A and B to a
single one A˝2vB. We also identify the empty diagrams with identities
for ˝2v. These identifications generate the equivalence relation.
We now define hom2prϕs, rψsq: pick two representatives ϕ,ϕ1 P rϕs,
which by assumption can be joined by a sequence of compositions
and decompositions ϕ
0
“ ϕ, ϕ
1
, ... , ϕ
k
“ ϕ1. Such a sequence
might not be unique, pick any other such sequence ϕ˜
0
“ ϕ, ϕ˜
1
, ... ,
ϕ˜
l
“ ϕ1. To these two sequences are associated two diagrams D, D˜
of identification 2-morphisms, and vertical concatenation defines two
maps
m : hom2pϕ,ψq Ñ hom2pϕ1, ψq, rAs ÞÑ rD72vAs,
m˜ : hom2pϕ,ψq Ñ hom2pϕ1, ψq, rAs ÞÑ rD172vAs.
The diagram axiom applied to the sequence
ϕ
0
, ϕ
1
, ¨ ¨ ¨ , ϕ
k
, ϕ
k´1, ¨ ¨ ¨ , ϕ0
shows that the map m is invertible, and that its inverse is given by
rAs ÞÑ rDT 72vAs.
Applying now the diagram axiom to the sequence
ϕ˜
0
, ϕ˜
1
, ¨ ¨ ¨ , ϕ˜
l
, ϕ
k´1, ¨ ¨ ¨ , ϕ0
shows that the map m˜ ˝ m´1 is the identity. In other words, for
any pair of representatives ϕ,ϕ1 P rϕs, the sets hom2pϕ,ψq and
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hom2pϕ1, ψq are canonically identified. One can similarly prove that
two equivalent choices for ψ induce canonical identifications. It fol-
lows that hom2pϕ,ψq only depends on the classes rϕs and rψsq, and
can be denoted hom2prϕs, rψsq.
‚ Identities. Let x be an object, the identity 1-morphism associated to
x is defined as the class of the empty sequence.
Let rϕs be a 1-morphism, the identity 2-morphism is defined as
the class of the diagram with no simple 2-morphisms, consisting only
in ϕ.
‚ The three concatenations 71h, 72h, 72v pass to the quotient and define
respectively composition maps:
˝1h : hom1px, yq ˆ hom1py, zq Ñ hom1px, zq,
˝2h : hom2prϕs, rψsq ˆ hom2prϕ1s, rψ1sq Ñ hom2prϕs ˝1h rϕ1s, rψs ˝1h rψ1sq,
˝2v : hom2prϕs, rχsq ˆ hom2prχs, rψsq Ñ hom2prϕs, rψsq,
that satisfy the associativity properties of a strict 2-category.
Remark 2.8. (Self-criticism of the construction of completion) In the equiva-
lence relation on hom2pϕ,ψq we only consider the case where the intersection
of the two faces A and B is connected, but it can happen that faces intersect
along a disconnected set of edges. If each of the corresponding compositions
are allowable, it would be natural to also allow such identifications, however
that would lead to more general notions of simple two morphisms in the
definition of a partial 2-category, as the corresponding faces might not be
polygons anymore, but non-simply connected regions of the plane. We won’t
do that in this paper, for sake of simplicity.
Remark 2.9. (Completion as a solution to a universal problem) There is prob-
ably a more intrinsic way of defining completion as a solution to a universal
problem. After having a suitable definition of a partial 2-functor, a comple-
tion of C could consist in a pair ppC, fq of a strict 2-category pC together with
a “partial 2-functor” f : C Ñ pC such that any other partial 2-functor from
C to any other strict 2-category factors through f in an essentially unique
way. It would be interesting to work out such a definition in more detail,
and compare it to the definition we give, or the possibly more natural one
we just alluded in remark 2.8.
3. Definition of Ham, LieR and LieC
We shall now define the partial 2-category Ham. Although this category
will be our main object of interest, we also introduce two simpler and closely
related categories LieR and LieC, which one could view as toy models for
Ham. The fact that these categories satisfy the diagram axiom is nontrivial
and is proved in section 3.3.
3.1. Definition of the partial 2-precategories LieR and LieC.
Definition 3.1. The following defines a partial 2-category LieR:
‚ Objects are real Lie groups,
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‚ The opposite Gop of a group G is the group itself endowed with the
opposite multiplication
g ¨op h “ h ¨ g.
‚ The simple 1-morphisms from G to G1 consist in real smooth mani-
folds endowed with a left action of G and a right action of G1. These
two actions should commute.
‚ Adjunction of simple 1-morphisms: If M P shom1pG,G1q, its adjoint
MT P shom1pG1, Gq consists in the same underlying manifold, with
the new action defined as
g1 ¨m ¨ g “ g´1 ¨m ¨ pg1q´1,
for g P G and g1 P G1.
‚ Opposites shom1pG,G1q Ñ shom1pGop, G1opq
g ¨op m ¨op g1 “ g´1 ¨m ¨ pg1q´1, g P G,m PM, g1 P G1
‚ Horizontal composition of simple 1-morphisms is defined as a "co-
variant product". We will say that M01 P shom1pG0, G1q and M12 P
shom1pG1, G2q are composable if the action of G1 on M01 ˆ M12
defined by g ¨ pm,m1q “ pmg´1, gm1q is free and proper.
When this is the case, we will define the composition M01 ˝1hM12
as the quotient
M01 ˆG1 M12 “ pM01 ˆM12q{G1
for this action. Since they commute with the G1-action, the actions
of G0 and G2 pass to this quotient.
‚ Simple 2-morphisms. Let
M “ pM01,M12, ¨ ¨ ¨ ,Mpk´1qkq, and
N “ pN01, N12, ¨ ¨ ¨ , Npl´1qlq
be in hom1pG,G1q, with
Mipi`1q : Gi Ñ Gi`1, and Njpj`1q : Hj Ñ Hj`1.
Denote by
ś
M and
ś
N the product of all the 1-morphisms ap-
pearing respectively in M and N . A simple 2-morphism from M to
N is a submanifold of the productź
M ˆ
ź
N,
which is invariant by the action of all the groups Gi and Hj , where
Gi acts on Mpi´1qi ˆMipi`1q by
gpm,m1q “ pmg´1, gm1q
and acts trivially on the other factors, except for the two extremal
groups G and G1 that act on M01 ˆ N01 and Mpk´1qk ˆ Npl´1ql re-
spectively by
gpm,m1q “ pgm, gm1q, and
gpm,m1q “ pmg´1,m1g´1q.
We will call such submanifolds multi-correspondences.
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‚ Identification 2-morphisms. If pM01,M12q P comp1pG0, G1, G2q are
composable 1-morphisms, the identification 2-morphism
IG1pM01,M12q P shom2ppM01,M12q,M01 ˆG1 M12q
is given by the graph of the projection M01 ˆM12 ÑM01 ˆG1 M12.‚ Cyclicity and adjunction for 2-morphisms are the obvious identifica-
tions.
‚ Partial vertical composition is defined as compositions of correspon-
dences: If M,N,P P hom1pG,G1q, A P shom2pM,Nq, and B P
shom2pN,P q, we say that A and B are composable if AˆśP andś
M ˆ B intersect transversally in śM ˆśN ˆśP , and if the
projectionź
M ˆ
ź
N ˆ
ź
P Ñ
ź
M ˆ
ź
P
is an embedding when restricted to this intersection. When this is
the case, the composition A ˝2v B is defined as the image of this
intersection by this projection.
We will prove that LieR satisfies the diagram axiom in section 3.3.
Remark 3.2. (Relation with the category of Lie groups) The category of
Lie groups embeds in LieR in a natural way. Let f : G Ñ G1 be a group
morphism, then Mf “ G1, endowed with the bi-action of G and G1 defined
by
g ¨m ¨ g1 “ fpgqmpg1q, g P G,m PMf , g1 P G1
is an elementary 1-morphism of LieR. Moreover the composition of group
morphisms agrees with the horizontal composition of the Mf ’s. One can
therefore think of LieR as an enlargement of the category of Lie groups.
Furthermore, MidG plays the role of the identity for G.
Before defining our main partial 2-category of interest, we find interesting
to point out that it is already possible to produce a (sort of) (1+1)-field
theory with values in the underlying 1-category of LieR.
Observe first that at the level of simple morphisms, the cartesian product
endows LieR with a sort of Frobenius algebra structure. For any object G,
we can define a unit/counit, an identity, and a product/coproduct:
‚ Unit and counit. Let eG P shom1p1, Gq consist in the point, endowed
with the trivial action. The counit peGqT P shom1pG, 1q is its adjoint.
Composing to the right with eG corresponds to modding out by G.
‚ Identity. For idG P shom1pG,Gq one can take MIdG , with IdG the
identity group morphism.
‚ Product and coproduct. They can both be obtained from a simple
1-morphism M P shom1pG ˆ G ˆ G, 1q we define now. Let G0, G1,
and G2 stand for three copies of the same group G. Their productĂM “ G0 ˆ G1 ˆ G2 admits three left actions, each group Gi acts
on ĂM by left multiplication on its corresponding factor. Take then
M to be the quotient of ĂM by G, where G acts by simultaneous
right multiplication on each factor. The three actions descend to M .
Moreover the slice G0 ˆ G1 ˆ teu Ă ĂM identifies M with G0 ˆ G1,
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and under this identification the three actions become, with gi P Gi,
a P A and b P B:
g0.pa, bq “pg0a, bq,
g1.pa, bq “pa, g1bq,
g2.pa, bq “pag´12 , bg´12 q.
By turning the G2-action to a right action (i.e. acting by g´12 )
one can think of M as a product, i.e. in shom1pG0 ˆ G1, G2q. Do-
ing likewise with G1, one can think of M as a coproduct, i.e. in
shom1pG0, G1 ˆG2q.
One can check that these are indeed associative and coassociative, that eG
and peGqT are indeed units and counits. To any surface with boundary, one
can then associate a generalized 1-morphism in zLieR, after taking a pair of
pants decomposition, and associating a copy of M to each pair of pants.
One can for example produce a 1-morphism in shom1pG, 1q that corre-
sponds to the punctured torus, by contracting the coproduct with the iden-
tity, seen as in shom1pGˆG, 1q. This corresponds to G itself, endowed with
its conjugation action. Interestingly, its cotangent bundle ends up being sim-
ilar with the extended moduli space that we will associate to the punctured
torus.
Definition 3.3. One can define a complex analogue LieC of LieR, by tak-
ing complex Lie groups as objects, complex manifolds as 1-morphisms, and
complex multi-correspondences as 2-morphisms.
3.2. Definition of the partial 2-precategories. We first recall some stan-
dard facts about Hamiltonian actions that will be relevant to the construction
of Ham, for the reader’s convenience and to set some notation conventions.
Definition 3.4. (Hamiltonian manifold) Let G be a Lie group. A (left)
Hamiltonian G-manifold pM,ω, µq is a symplectic manifold pM,ωq endowed
with a left G-action by symplectomorphisms, induced by a moment map
µ : M Ñ g˚. The moment map is G-equivariant with respect to this action
and the coadjoint representation on g˚, and satisfies the following equation:
ιXηω “ dxµ, ηy,
for each η P g, where Xη stands for the vector field on M induced by the
infinitesimal action, i.e.
Xηpmq “ d
dt |t“0
petηmq.
In other words, Xη is the symplectic gradient of the function xµ, ηy.
A right action will be said Hamiltonian with moment µ if the associated
left action is Hamiltonian with moment ´µ.
Remark 3.5. If G is connected, the moment map determines the action. If G
is discrete, a Hamiltonian action is just an action by symplectomorphisms.
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Definition 3.6. Weinstein observed in [Wei81] that the data of both the
action and the moment map can be conveniently packaged as a Lagrangian
submanifold ΛGpMq Ă T ˚GˆM´ ˆM , defined as:
ΛGpMq “ tppq, pq,m,m1q : m1 “ q.m, R˚g´1p “ µpmqu.
When M “ T ˚X is a cotangent bundle and the action and the moment are
the ones canonically induces from a smooth action on the base X, ΛGpMq
corresponds to the conormal bundle of the graph of the action
ΓGpXq Ă GˆX ˆX,
where one identifies T ˚X with pT ˚Xq´ via pq, pq ÞÑ pq,´pq.
Definition 3.7. (Symplectic quotient) If pM,ω, µq is a Hamiltonian mani-
fold, its symplectic quotient (or reduction) is defined as
M{G “ µ´1p0q{G.
When 0 is a regular value for µ, and G acts freely and properly on µ´1p0q,
M{G is also a symplectic manifold. In this case, we will say that the action
is regular.
Definition 3.8. (Canonical Lagrangian correspondence between M and
M{G)
If the action is regular in the sense of definition 3.8, the image of the map
ι ˆ pi : µ´1p0q Ñ M´ ˆM{G is a Lagrangian correspondence, where ι and
pi stand respectively for the inclusion and the projection.
Remark 3.9. (Induced action on the quotient by a normal subgroup) If
pM,ω, µq is a Hamiltonian G-manifold, and if H Ă G is a normal subgroup,
then M is in particular a Hamiltonian H-manifold, with moment map ob-
tained by composing µ with the dual of the inclusion of the Lie algebras. If
furthermore the H-action is regular as in definition 3.7, then M{H carries
a residual Hamiltonian action of G{H.
In particular, ifM is a symplectic manifold endowed with two commuting
Hamiltonian actions of two groups G and G1 (that is, a Hamiltonian GˆG1-
action), and if the action of G is regular, then M{G is a Hamiltonian G1-
manifold.
Remark 3.10. (Action on M´) If pM,ωq is a G-Hamiltonian manifold with
moment map µ, then M´ “ pM,´ωq endowed with the same action is also
Hamiltonian, with moment map ´µ.
Definition 3.11. (G-Lagrangian) A G-Lagrangian of a Hamiltonian G-
manifold M is a Lagrangian submanifold L Ă M that is both contained
in the zero level µ´1p0q, and G-invariant. When the G-action is regular, the
G-Lagrangians of M are in one-to-one correspondence with the Lagrangians
on M{G (Though a Lagrangian in M need not be a G-Lagrangian to induce
a Lagrangian on M{G).
We now define Ham.
Definition 3.12. (The partial 2-category Ham) The following construction
defines a partial 2-category:
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‚ Objects are real Lie groups, the opposite map sends G to Gop (with
the opposite group structure).
‚ The simple 1-morphisms from G to G1 are the symplectic manifolds
endowed with commuting Hamiltonian left G-action and right G1-
action, with respective moment maps µG and µG1 . Equivalently, a
Hamiltonian left pGˆG1q-action with moment map
µ “ pµG,´µG1q : M Ñ LiepGq˚ ˆ LiepG1q˚.
The moment maps are part of the data.
‚ The opposite identification shom1pG,Hq Ñ shom1pGop, Hopq is given
by taking the same symplectic manifold, and acting through g´1 in-
stead of g.
‚ The adjunction identification shom1pG,Hq Ñ shom1pH,Gq is given
by reversing the symplectic structure and acting through g´1 instead
of g.
‚ Horizontal composition of simple 1-morphisms is defined as a diago-
nal symplectic reduction of the product. Let two simple 1-morphisms
M01 P shom1pG0, G1q and M12 P shom1pG1, G2q:
G0
M01 // G1
M12 // G2 .
Endow M01 ˆM12 with the diagonal action of G1 g ¨ pm,m1q “
pmg´1, gm1q, which is Hamiltonian with respect to the moment map
µdiagG1 pm01,m12q “ ´µG1pm01q ` µG1pm12q.
We will say that M01 and M12 are composable if this action is
regular. In this case, we define the horizontal composition of M01
and M12 as the symplectic reduction of M01 ˆM12 for this action,
and denote it
M01 {ˆ{G1 M12 “ pµdiagG1 q´1p0q{G1 ,
or sometimes M01 {ˆ{M12 when G1 is implicit.
It is endowed with its reduced symplectic structure, and the two
actions of G0 and G2 (and their moment maps) descend to the quo-
tient: M01 {ˆ{G1 M12 is then a simple morphism from G0 to G2.
Notice that this construction depends on the moment maps, and
not just on the Hamiltonian actions.
‚ Simple 2-morphisms: with
M “
˜
G
M01 // G1
M12 // ¨ ¨ ¨Mpk´1qk// G1
¸
, and
N “
˜
G
N01 // H1
N12 // ¨ ¨ ¨Npl´1ql// G1
¸
,
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we define shom2pM,Nq as the set of K-Lagrangians of P , where
P “
ź
i
M´ipi`1q ˆ
ź
j
Njpj`1q, and
K “Gˆ
˜
k´1ź
i“1
Gi
¸
ˆG1 ˆ
˜
l´1ź
j“1
Hj
¸
,
where each factor of K acts diagonally with the diagonal moment
map on the two symplectic manifolds associated to it (if the sym-
plectic manifold comes with its opposite symplectic form, one takes
the opposite moment map, in accordance with remark 3.10). We will
call such submanifolds generalized Lagrangian correspondence.
‚ The cyclicity isomorphisms are the obvious ones, as for the opposites
and adjunction of 2-morphisms.
‚ The identification 2-morphisms
IG1pM01,M12q P shom2ppM01,M12q,M01 {ˆ{G1 M12q
are defined as the canonical Lagrangian correspondence betweenM01ˆ
M12 and its reduction, defined in definition 3.8.
‚ Vertical composition of simple 2-morphisms is defined as composi-
tion of Lagrangian correspondences. LetM,N,P be in hom1pG,G1q,
L P shom2pM,Nq and L1 P shom2pN,P q. Say that L and L1
are composable if L ˆśP and śM ˆ L1 intersect transversely inś
M ˆ śN ˆ śP , and if the projection of this intersection toś
M ˆśP is an embedding. If this is the case, the vertical com-
position is defined as being the image of this embedding, and is an
element in shom2pM,P q.
Remark 3.13. (Relation between LieR and Ham) In [Wei10, Sec. 5], We-
instein shows that there is a functor from the category of manifolds and
smooth maps to his symplectic category. One can extend such a functor to
LieR: there is a "partial 2-functor" LieR Ñ Ham. In short, it is defined at
the level of simple morphisms by sending a group to itself, a 1-morphism to
its cotangent bundle, and a 2-morphism to its conormal bundle:
G ÞÑ G,
M ÞÑ T ˚M,
C ÞÑ NC˚M.
We will refer to it as the cotangent 2-functor.
Indeed, a smooth action of G on M lifts to an action on T ˚M defined by
g ¨ pq, pq “ pgq, p ˝ pDqLgq´1q,
with g P G, pq, pq P T ˚M .
It follows from Cartan’s formula that this action is Hamiltonian, with
moment map µ : T ˚M Ñ g˚ defined by
µpq, pq ¨ ξ “ ppXξpqqq.
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Moreover, the horizontal compositions of 1-morphisms are compatible: if
two simple 1-morphisms
G0
M01 // G1
M12 // G2
are composable in LieR, then the same holds in Ham for
G0
T˚M01// G1
T˚M12// G2 ,
one has T ˚pM01 ˆG1 M12q “ T ˚M01 {ˆ{G1 T ˚M12, and the conormal bundle
of the identification 2-morphism IG1pM01,M12q is IG1pT ˚M01, T ˚M12q.
If C ĂM ˆN is a smooth correspondence, then its conormal bundle is a
Lagangian submanifold NC˚M Ă T ˚M ˆ T ˚N . But T ˚M is symplectomor-
phic to its opposite symplectic structure via the map pq, pq ÞÑ pq,´pq, so
applying this identification, one can think of it as a Lagrangian correspon-
dence NC˚ Ă pT ˚Mq´ ˆ T ˚N .
If moreover C is invariant for a G-action, then NC˚ will be a G-Lagrangian.
If two simple 2-morphisms are vertically composable in LieR, then the same
is true for their conormal bundles, and the conormal bundle of their compo-
sition agrees with the composition of the conormal bundles.
Remark 3.14. Following the arborealization program of Nadler [Nad17], it
is maybe possible to extend the class of 1-morphisms in LieR to manifolds
with certain type of singularities (with extra local structure), and extend the
cotangent functor by sending a singular manifold to a Weinstein manifold
with Lagrangian skeleton being the singular manifold.
Remark 3.15. We can use this functor to transport structure from LieR to
Ham, such as identities, products and coproducts, units and co-units ... that
would lead to a p1` 1q-theory taking values in Ham. The 2-functor we will
construct in section 5, alghough close to, will not correspond to that.
Remark 3.16. (Identities) For any Lie group G, its cotangent bundle T ˚G,
endowed with left and right pullbacks, plays the role of an identity (i.e. can
be composed with any other morphism, and the composition is the same
morphism). It is the image of the identity of G in LieR by the cotangent
functor.
If M : GÑ G1 is a simple 1-morphism, the diagonal ∆M P shom2pM,Mq
plays the role of an identity. However, for a general 1-morphism representa-
tive M “ pM0,M1, ¨ ¨ ¨ ,Mkq P hom1pG,G1q, the product of the diagonal of
all its factors is not an identity, since it is not an element in shom2pM,Mq,
see remark 3.17.
One can nevertheless find length two identity representatives as follows:
let xM “ pM0, T ˚G1,M1, T ˚G2, ¨ ¨ ¨ , T ˚Gk´1,Mkq P hom1pG,G1q,
then Weinstein’s correspondence (see definition 3.6) for the action of
K “ G1 ˆ ¨ ¨ ¨ ˆGk´1
on
ś
M defines a simple 2-morphism
Λp
ź
Mq P shom2pM,xMq,
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and ´
ΛKp
ź
Mq,ΛKp
ź
MqT
¯
P hom2pM,Mq
is an identity for M .
Remark 3.17. (Horizontal composition of simple 2-morphisms) Let
M,M 1 P hom1pG,G1q,
N,N 1 P hom1pG1, G2q,
L P shom2pM,M 1q, and
L1 P shom2pN,N 1q.
One could be tempted to define the horizontal compositon of L and L1 as
their cartesian product. Unfortunately it is generally not an element in
shom2pM71hN,M 171hN 1q. For a counter-example, consider
pM,Nq : GÑ G1 Ñ G2,
the product of the diagonals ∆M ˆ∆N is not in the zero level of the moment
map of the diagonal action of G1. A natural candidate for the identity 2-
morphism of pM,Nq would rather be the subset of M´ ˆ M ˆ N´ ˆ N
of elements pm,m1, n, n1q such that µMG1pmq ` µNG1pnq “ µMG1pm1q ` µNG1pn1q
and that pm,nq and pm1, n1q lie in the same orbit. This is an identity if
the diagonal action of G1 is free, but is singular in general. For example if
G1 “ Up1q, M is a point, and N “ C, acted on by Up1q by rotations with
moment map µpzq “ |z|2, this set consists in a single point.
Remark 3.18. (Relation between LieC andHam) Geometric invariant theory
suggests a correspondence between (a variation of) LieC and Ham. If M is
a Hamiltonian G-manifold and J is a G-invariant almost complex structure,
then under some conditions one can extend the action to an action by the
complexification GC, and the Kempf-Ness theorem says that the symplectic
quotient M{G agrees with the GIT quotient of M by GC. This suggests a
correspondence:
HamÐÑ LieC
GÐÑ GC
M ÐÑM
LÐÑ L,
that should preserve the various operations. It would be interesting to define
and study this correspondence in more detail.
Remark 3.19. (Endomorphism category of the trivial group) The endomor-
phism category of the trivial group in Ham, EndHampeq is similar with
Wehrheim and Woodward’s category Symp, more precisely one has a func-
tor from Symp to EndHampeq. However we should point out that this functor
is not surjective, since there are 1-morphisms eÑ G1 Ñ G2 Ñ ¨ ¨ ¨ Ñ e that
cannot be simplified to a length 1 sequence. For instance, the character vari-
ety of a closed surface Σ is not an object of Symp due to its singular nature,
however it can be represented by an object in EndHampeq using extended
moduli spaces, as we shall see in section 4. However, this functor is injective
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faithful, since if a sequence of simple 1-morphisms (resp. a diagram of sim-
ple 2-morphisms) in Ham can be simplified to a length 1 sequence (resp. a
diagram with a single correspondence), then the resulting 1-morphism (resp.
2-morphism) is uniquely determined and given by the quotient of all inter-
mediate groups.
3.3. Proof of the diagram axiom. We now prove that LieR and Ham
both satisfy the diagram axiom, which implies that these are partial 2-
categories, and allows one to define their strictifications.
The idea of proof is similar for both categories: we use the fact that even
though compositions are only partially defined in these categories, these can
always be defined in a set theoretical way: even if a group action is not free,
one can always define the quotient set, likewise one can always define the
reduction set of a Hamiltonian action. We will first prove the axiom at the
set level, and then we will "lift" the statement to the initial framework, using
the correspondence between simple 2-morphisms and subsets of a (possibly
singular) quotient set.
Recall the setting: let ϕ
0
, ϕ
1
, ... , ϕ
k
“ ϕ
0
be a sequence of representatives
of general 1-morphisms in hom1px, yq, such that for any i, ϕ
i`1 is either a
composition or a decomposition of ϕ
i
. To such a sequence is associated a
diagram D by patching altogether all the identification 2-morphisms. We
aim at proving that the diagram D is an identity for ϕ
0
.
For any i, let ϕ˜i stand for the set obtained by forcing all the compositions
appearing in ϕ
i
:
‚ In LieR, this is the quotient of the product of all the one morphisms
appearing in ϕ
i
, modulo the diagonal actions of all the groups ap-
pearing in the sequence, except the first and the last.
‚ In Ham, this is the "symplectic quotient" of the product of all the
one morphisms appearing in ϕ
i
, modulo the diagonal actions of all
the groups appearing in the sequence, except the first and the last,
namely the quotient set of the zero level of the associated moment
map.
Since we assumed that ϕ
i`1 is either a composition or a decomposition of
ϕ
i
, it follows that all the ϕ˜i are equal to the same set, which we will denote
ϕ˜.
Let L0 P shom2pψ,ϕ0q, for some ψ P hom1px, yq. By composing it suc-
cessively with all the identification morphisms (or their adjoint), we get for
each i, a simple 2-morphism Li P shom2pψ,ϕiq, and we would like to prove
that L0 “ Lk.
For any i, Let L˜i be the subset of of the product of all the 1-morphisms ap-
pearing in ψ and ϕ˜i, that corresponds to the quotient of Li (loosely speaking,
L˜i P “shom2pψ, ϕ˜iq”). By construction, and with the identification of the ϕ˜i
in mind, all these correspond to the same subset, in particular L˜0 “ L˜k.
Now, in either LieR or Ham, two simple morphisms in shom2pψ,ϕ0q are
equal if and only if the corresponding subsets of
`ś
ψ
˘ ˆ ϕ˜0 are equal.
Indeed, an invariant subset is determined by its quotient in the orbit space.
We therefore have L0 “ Lk. As Lk “ L0 ˝ D, we just proved that D
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is an identity for left composition. One can similarly show that for right
composition. This completes the proof.
l
4. Moduli spaces of connections
Throughout this section we identify SUp2q with the group of unit quater-
nions, and SOp3q with its quotient by Z2. Their common Lie algebra
g “ sup2q then corresponds to the space of pure quaternions (with zero
real part) and is equipped with the standard bi-invariant inner product of
H, which we use to identify g with its dual g˚. We will denote Bgppiq Ă g
the open ball of radius pi, wich is sent injectively to SUp2qzt´1u by the
exponential map.
4.1. Moduli space of a closed 1-manifold. Let C be a circle with a base
point. One can associate to it the moduli space GpCq of framed SUp2q-
connexions, i.e. the quotient of the space of connexions modulo gauge trans-
formations that do not act on the base point. It is identified with the rep-
resentation variety of its fundamental group, namely Homppi1pCq, SUp2qq.
Notice that since C has an abelian fundamental group, a choice of a different
basepoint yields a canonically isomorphic space.
If C is oriented, its orientation furnishes a preferred generator of pi1pCq,
which permits to identify GpCq with SUp2q and therefore endows it with
a group structure. If one reverse the orientation, the new generator corre-
sponds to the inverse of the old one, and the identification with SUp2q differ
by the inverse map. Therefore the group structure is changed to its opposite:
Gp´Cq “ GpCqop.
The group structure constructed can also be defined more topologically:
given two elements of GpCq, with two connexions A1 and A2 representing
them, over bundles P1 and P2. One can cut P1 and P2 along the fiber over
the base point of C, and glue them back as in figure 1 to form a bundle
over the gluig of the two segments, which one can identify with C, with the
basepoint chosen as in the picture.
˚
A1
A2
Figure 1. Group structure on GpCq.
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If now C “ C1\¨ ¨ ¨\Ck is a disconnected closed oriented 1-manifold, pick
a basepoint on each component, and define the group GpCq as the product
of the GpCiq’s.
4.2. Moduli space of a surface with boundary.
Definition 4.1. (Extended moduli spaces) Let Σ be a compact oriented
surface with boundary
BΣ “ B1Σ\ ¨ ¨ ¨ \ BkΣ,
where the BiΣ stand for the connected components of BΣ.
‚ (Extended moduli space associated to a surface, [Jef94, Def. 2.1])
Define the following space of flat connexions:
A gF pΣq “ tA P Ω1pΣq b sup2q | FA “ 0, A|νBiΣ “ θidsu,
where νBΣ is a non-fixed tubular neighborhood of BΣ, s the param-
eter of R{Z, and θi P g is a constant element. The group
G cpΣq “  u : Σ Ñ SUp2q | u|νBΣ “ 1(
acts by gauge transformations on A gF pΣq.
The extended moduli space is then defined as the quotient
M gpΣ, pq “ A gF pΣq{G cpΣq,
This space carries a closed 2-form ω defined by:
ωrAsprαs, rβsq “
ż
Σ
xα^ βy,
with rAs PM gpΣ, pq and α, β representing tangent vectors at rAs of
M gpΣ, pq, namely dA-closed sup2q-valued 1-forms, of the form ηids
near BiΣ.
Furthermore it has a Hamiltonian SUp2q-action, whose moment
map is given by the elements θi P sup2q such that A|νBiΣ “ θids.‚ Denote N pΣ, pq the subset of M gpΣ, pq consisting in equivalence
classes of connections for which |θi| ă pi. The form ω is symplectic on
N pΣ, pq by [Jef94, Prop. 3.1] (the proposition is stated and proved in
the case when Σ has connected boundary, but the same proof applies
to any number of components).
Remark 4.2. The moduli spaceN pΣ, pq is noncompact. In [MW12], Manolescu
and Woodward define Floer homology inside another moduli spaceN cpΣ, pq,
which is a compactification ofN pΣ, pq by symplectic cutting. We will ignore
this compactification in this paper, as one can think of it just as a technical
step in proving that Floer homology is well-defined inside N pΣ, pq.
Remark 4.3. With the identification of SUp2q with GpCq in mind, one can
think of the group action in a more topological way: Let rAs be in N pΣq,
and g P GpCq, represented by a connection Ag on the circle. Take a pair of
pants P with an embedded trivalent graph as in figure 2. Let C1, C2 and
C3 denote its boundary components. Choose a trivial bundle P over P , and
equip it with a flat connexion AP that corresponds to A|BΣ on C1, and to
Ag on C2. Gluing P to Σ and cutting along the trivalent graph yields a new
connection on Σ that corresponds to g.rAs.
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P Σ
Ag
Ó
Ó
Figure 2. Group action on N pΣq.
Remark 4.4. (Explicit descrition, [Jef94, Sec. 6.2]) Holonomies provide an
explicit description of N pΣ, pq. Assume Σ is connected. Each boundary
component BiΣ has a basepoint zi corresponding to the image of 0 P R{Z by
the parametrizations. Let γ2, ..., γk be disjoin arcs connecting z1 to z2, ...,
zk, and let α1, β1, ..., αg, βg be loops based at z1 that form a symplectic basis
of the fundamental group of Σztγ2, ¨ ¨ ¨ , γku. With Ai, Bi and Γi denoting
the holonomy of a connexion along αi, βi and γi respectively, and θi P Bgppiq
the value at BiΣ, N pΣ, pq can be identified with the space of tuples
pθ1, ¨ ¨ ¨ , θk,Γ2, ¨ ¨ ¨ ,Γk, A1, B1 ¨ ¨ ¨ , Ag, Bgq P pBgppiqqk ˆ SUp2qk´1`2g
that satisfy the relation
eθ1
´
Γ2e
θ2Γ´12
¯
¨ ¨ ¨
´
Γke
θkΓ´1k
¯
rA1, B1s ¨ ¨ ¨ rAg, Bgs “ 1.
And since θ1 P Bgppiq, it is uniquely determined by the other elements and
the above relation, so N pΣ, pq can be identified with the open (and hence
smooth) subset of elements
pθ2, ¨ ¨ ¨ , θk,Γ2, ¨ ¨ ¨ ,Γk, A1, B1 ¨ ¨ ¨ , Ag, Bgq P pBgppiqqk´1 ˆ SUp2qk´1`2g
satisfying ´
Γ2e
θ2Γ´12
¯
¨ ¨ ¨
´
Γke
θkΓ´1k
¯
rA1, B1s ¨ ¨ ¨ rAg, Bgs ‰ ´1.
Proposition 4.5. (Gluing almost equals reduction) Let Σ P hom1pC1, C2q
and S P hom1pC2, C3q be such that Σ, S and Σ YC2 S have no closed com-
ponents. Then one has a natural symplectomorphism
N pΣYC2 SqzC “ N pΣq {ˆ{GpC2qN pSq,
where C is the subset of connexions whose holonomy around C2 equals ´1.
Moreover, C is a union of codimension 3 coisotropic submanifolds ofN pΣYC2
Sq.
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Proof. If AΣ and AS denote two connexions on Σ and S respectively that
coincide on C2 they can be glued together to a connexion on ΣYC2 S. This
defines a gluing map
pµdiagGpC2qq´1p0q Ă N pΣq ˆN pSq Ñ N pΣYC2 Sq
that passes to the quotient for the diagonal GpC2q-action. One can see
from the explicit description of the moduli spaces that the induced map is
injective, and that its image is the complement of C, since the holonomies
around C2 correspond to the exponential of the θi values, which live in Bgppiq.
Finally, this map preserves the symplectic forms, as both are defined in an
analogous way, by integrating the forms on Σ\ S and ΣYC2 S. 
5. Construction of the functor
We now define a zHam-valued p1 ` 1 ` 1q-field theory. If a true “gluing
equals reduction” principle would hold, i.e. if there was no submanifold C
appearing in proposition 4.5, we would obtain a 2-functor from Cob1`1`1
to zHam. Instead, we will obtain what we will call a quasi 2-functor: the
source category will instead be Cobelem1`1`1 (see definition 5.6), and consist in
cobordisms equipped with decompositions. We then define an equivalence
relation on morphism spaces of zHam, and define a quasi-functor to be a
functor from Cobelem1`1`1 such that a (2-)cobordism endowed with two different
decompositions will result in two equivalent morphisms in zHam.
Remark 5.1. In future work, we expect to promote zHam to a (sort of) 3-
category, using equivariant Floer homology as 3-morphisms spaces. Such a
construction should permit to define a linearization 2-functor L : zHamÑ C
that would land in a more algebraic 2-category (such as rings, A8-algebras
with ring actions, A8-modules). We expect that the codimension 3 subman-
ifolds C of proposition 4.5 should be invisible to equivariant Floer homology.
This expectation, together with the observation in remark 5.9, should
imply that the composition of the functor with this linearization should
descend to Cob1`1`1:
Cobelem1`1`1

// zHam
L

Cob1`1`1 // C
.
Ultimately, one would also hope to extend such a 2-functor to a 3-functor.
5.1. Cobordisms and decompositions to elementary pieces.
Definition 5.2. Let Cob1`1`1 stand for the weak 2-category whose:
‚ Objects are oriented closed one-manifolds, endowed with an orien-
tation preserving parametrization by R{Z of each connected compo-
nent.
‚ 1-morphisms are compact oriented cobordisms (i.e. surfaces with
boundary),
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‚ 2-morphisms are diffeomorphism classes of compact oriented 3-manifolds
with corners. That is, for Σ and S two 1-morphisms from C1 to C2,
a 2-morphism from Σ to S is represented by a compact oriented 3-
manifold with boundary Y , with a diffeomorphisms between BY and
p´Σq YC1YC2 S. And two such Y are identified if there is a diffeo-
morphism between them that is compatible with the identifications
of the boundaries.
All the compositions are given by glueing.
We now define elementary morphisms. We use a slightly wider class than
the usual notion of having a function with at most one critical point, as for
example in [WW16].
Definition 5.3. (Elementary morphisms of Cob1`1`1).
Objects. All objects are said to be elementary, including the empty set.
1-morphisms. A 1-morphism is elementary if it has no closed components.
This also includes the empty set.
Strictly speaking, elementary 2-morphisms will not be 2-morphisms be-
tween 1-morphisms of Cob1`1`1, but rather between sequences of elementary
1-morphisms, i.e. 1-morphisms with a given decomposition into elementary
1-morphisms.
2-morphisms. let C1, C2 be two objects, and Σ, S be 1-morphisms from C1
to C2, endowed with decompositions Σ “ pΣ0, ¨ ¨ ¨ ,Σkq and S “ pS0, ¨ ¨ ¨ , Slq
into elementary 1-morphisms (i.e. with no closed component). An elemen-
tary 2-morphism Y from Σ to S is either:
‚ A compression body : Y is a compression body if it admits a Morse
function f : pY zpC1 Y C2qq Ñ R that is minimal on Σ, maximal on
S, vertical near C1 and C2 (meaning that, for an identification of
a neighborhood of Ci in Y zpC1 Y C2 with Ci ˆ r0, 1s ˆ p0, 1s, with
Σ and S corresponding to Ci ˆ t0, 1u ˆ p0, 1s, f corresponds to the
projection to r0, 1s), and admits (or not) critical points that all have
the same index, 1 or 2. Moreover, for some pseudo-grandient of f ,
the decomposition Σ of Σ flows down to the decomposition S of S.
This definition includes the empty set.
‚ A 0-handle or a 3-handle attachment, i.e. Y is a 3-ball.
‚ A circle(s) insertion/removal. We assume that Y is trivial, i.e. it
admits a Morse function f : pY zpC1 Y C2qq Ñ R that is minimal
on Σ, maximal on S, vertical near C1 and C2, and with no critical
point. Furthermore we assume that there exists a pseudo-gradient
for f that matches the two decompositions, except for one circle (i.e.
Σ contains one circle more/less than S).
Elementary morphisms generate Cob1`1`1 in the following sense:
Proposition 5.4. (Existence of decompositions)
(1) Every 1-morphism in Cob1`1`1 decomposes as a sequence of elemen-
tary ones. Moreover, one can find such a sequence of length 2.
(2) Every 2-morphism in Cob1`1`1 decomposes as a sequence of ele-
mentary 2-morphism between sequences of elementary 1-morphisms,
Moreover such a sequence can also be chosen to have length 2.
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Proof. (1) If a 1-morphism Σ has closed components, one can just insert
a separating curve in each of them, this splits the surface into two
elementary 1-morphisms.
(2) This follows from the fact that one can find self-indexed Morse func-
tions

It follows from Cerf theory that decompositions of morphisms of Cob1`1`1
are unique in the following sense:
Proposition 5.5. (Uniqueness of decompositions) Two decompositions of a
morphism of Cob1`1`1 into elementary morphisms can be related by a se-
quence of moves of the following type.
For 1-morphisms:
‚ (Circle(s) insertion/removal) Replacing a length k sequence
Σ “ pΣ1, ¨ ¨ ¨ ,Σi, ¨ ¨ ¨ ,Σkq
by a length k ` 1 one pΣ1, ¨ ¨ ¨ ,Σ1i ,Σ2i , ¨ ¨ ¨ ,Σkq, where pΣ1i ,Σ2i q are
obtained from Σi by inserting some separating circles. Circle removal
is the opposite move.
For 2-morphisms: Let Y “ pY0, ¨ ¨ ¨ , Ykq be a sequence of elementary 2-
morphisms, with Yi from Σi to Σi`1.
‚ (Diffeomorphism equivalence) Let Y 1 “ pY 10 , ¨ ¨ ¨ , Y 1kq be a sequence
of elementary 2-morphisms, with Y 1i from Σ1i to Σ1i`1, with a family
of diffeomorphism ϕi : Yi Ñ Y 1i such that ϕi and ϕi`1 coincide on
Σi`1 and send the decomposition Σi`1 to Σ1i`1. A diffeomorphism
equivalence consists in replacing Y by Y 1.
‚ (Cylinder creation/cancellation) Let Σ “ pΣ1, ¨ ¨ ¨ ,Σkq be a sequence
of elementary 1-morphisms, with total space Σ “ Σ1Y¨ ¨ ¨YΣk. By a
cylinder from Σ to itself we mean a compression body with no critical
points. A cylinder creation corresponds to inserting a cylinder at Σi,
for some i. A cylinder cancellation is the opposite move.
‚ (Circle(s) insertion/removal) A circle insertion corresponds to keep-
ing the same 3-manifolds Yi, and performing a circle insertion on
one of the Σi’s. A circle removal is the opposite move.
‚ (Imbrication of compression bodies) Assume that for some i, Yi and
Yi`1 are compression bodies of the same index, then their union
YiYΣi`1 Yi`1 is again a compression body. The move is to replace Y
by
pY0, ¨ ¨ ¨ , Yi YΣi`1 Yi`1, ¨ ¨ ¨ , Ykq.
‚ (Critical point switches) Assume that for some i, Yi and Yi`1 cor-
respond to handle attachments along disjoint attaching spheres. The
move is to replace Y by
pY0, ¨ ¨ ¨ , rYi, rYi`1, ¨ ¨ ¨ , Ykq,
where rYi corresponds to attaching the handles of Yi`1 first, and rYi`1
corresponds to attaching the handles of Yi afterwards.
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‚ (Index 0-1 (or 2-3) handle creation/cancellation). Assume that for
some i, Yi is a 0-handle attachment, with
Σi “ pΣ1i ,Σ2i , ¨ ¨ ¨ ,Σki q, and
Σi`1 “ pD0, D1,Σ1i ,Σ2i , ¨ ¨ ¨ ,Σki q,
where D0 and D1 are two 1-discs such that their union is the 2-
sphere bounding the 0-handle. Assume also that Yi`1 corresponds to
a 1-handle attachment connecting D1 and Σ1i , so that
Σi`2 “ pD0, D17Σ1i ,Σ2i , ¨ ¨ ¨ ,Σki q.
Assume finally that Yi`2 corresponds to the removal of the circle be-
tween D0 and D1, so that
Σi`3 “ pD0 Y pD17Σ1i q,Σ2i , ¨ ¨ ¨ ,Σki q.
The cancellation move is to replace pYi, Yi`1, Yi`2q by the cylinder
pYi Y Yi`1 Y Yi`2q. The creation move corresponds to the opposite
move. The similar moves for 2-3 handles corresponds to the reversed
cobordisms pYi`2, Yi`1, Yiq.
‚ (Index 1 and 2 handle creation/cancellation) If now for some i, Yi
and Yi`1 are either compression bodies of index 1 and 2 respectively,
and such that their union Yi YΣi`1 Yi`1 is a cylinder. The move is
to replace Y by
pY0, ¨ ¨ ¨ , Yi YΣi`1 Yi`1, ¨ ¨ ¨ , Ykq.
Proof. 1-morphisms: Let Σ and Σ1 be two elementary decompositions of a
given 1-morphism Σ. On each closed component of Σ, pick any separating
circle disjoint from the cicles of the decompositions Σ and Σ1: call C the
collection of these circles. One can go from Σ to Σ1 by
‚ first adding the circles C,
‚ removing all the circles corresponding to Σ,
‚ adding all the circles corresponding to Σ1,
‚ removing the circles C.
2-morphisms: The statement about the pieces Yi, ignoring the decom-
positions of the level surfaces Σi, is standard Cerf theory, see for example
[WW16, Th. 2.2.11]. To get the correct decompositions Σi, one can then
insert cylinders and run the same method as above for 1-morphisms.

We now define a 2-category Cobelem1`1`1, where we keep track of decomposi-
tions:
Definition 5.6. (Cobelem1`1`1) Let Cobelem1`1`1 stand for the 2-category whose:
‚ Objects are the same as in Cob1`1`1,
‚ One-morphisms consist in sequences
Σ “ pΣ0, ¨ ¨ ¨ ,Σkq
of elementary 1-morphisms (or equivalently 1-morphism of Cob1`1`1
endowed with a decomposition into elementary morphisms).
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‚ 2-morphisms from Σ to Σ1 consist in sequences
Y “ pY0, ¨ ¨ ¨ , Ykq,
where Yi is an elementary 2-morphism from Σi to Σi`1, with Σ0 “ Σ
and Σk`1 “ Σ1.‚ Compositions are given by concatenation.
5.2. An equivalence relation on zHam. Recall that the moduli space as-
sociated to the gluing of two surfaces Σ and S does not exactly correspond
to the composition N pΣq {ˆ{ N pSq, due to the presence of the subset C
in proposition 4.5. Therefore the construction of section 4 does not define
a functor with values in zHam, but rather a “quasi 2-functor” modulo the
equivalence relation of definition 5.8 below. We will mod out the 1-morphism
spaces by identifying Hamiltonian manifolds up to codimension 3 subman-
ifolds. Care must be taken however at the level of 2-morphisms, since the
Lagrangian correspondences we will be considering can always be contained
in such codimension 3 submanifolds. In order to define a nontrivial func-
tor, one has to take this fact into account, this is the reason for which we
introduce the weak transversality assumption.
Definition 5.7. Let A and B be two subsets of a topological space X. We
say that A intersects B in a weakly transverse way if A “ pAzBq.
Definition 5.8. Define the following equivalence relation on zHam:
‚ Objects are equivalent if and only if they are equal.
‚ The equivalence relation on hom1pG,G1q is generated by the fol-
lowing identifications: let M “ pM0, ¨ ¨ ¨ ,Mkq P hom1pG,G1q be a
representative of a 1-morphism, and let C ĂMi be a codimension 3
submanifold. Then we identify M with
pM0, ¨ ¨ ¨ ,MizC, ¨ ¨ ¨ ,Mkq.
‚ On hom2pα, βq: suppose that for some representatives M and N of
α and β respectively, we have a diagram D P hom2pM,Nq. Let M
be some 1-morphism decorating an edge in D, and C Ă M be a
(coisotropic) codimension 3 submanifold such that for any face in D,
decorated by a 2-morphism L, which by cyclicity we can think of as
an element in shom2pP ,Mq. Suppose then that inside pśP q ˆM ,
the intersection of L with pśP qˆC is weakly transverse, in the sense
of definition 5.7. If that transversality assumption holds for any L
adjacent to M , then we declare to be equivalent the 2-morphisms of
hom2pα, βq associated with D and D1, the new diagram built from
D by replacing M by MzC, any adjacent L by Lz ppśP q ˆ Cq, and
leaving the rest of the diagram unchanged.
Remark 5.9. In the setting described above, if one is given the diagram D1
and M , then one can recover the diagram D: any adjacent L corresponds to
the closure of Lz ppśP q ˆ Cq inside pśP q ˆM .
5.3. Construction on elementary morphisms. We now define the quasi
2-functor
Cobelem1`1`1 Ñ zHam.
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To a 0-morphism C, we associate the group GpCq defined in section 4.1.
To an elementary 1-morphism Σ, we associate the moduli space N pΣq
defined in section 4.2 (4.2).
If now Σ “ pΣ1, ¨ ¨ ¨ ,Σkq is a sequence of elementary 1-morphisms
Σ “ C0 Σ1 // C1 Σ2 // ¨ ¨ ¨ Σk // Ck ,
we associate to it the corresponding sequence M “ pN pΣ1q, ¨ ¨ ¨ ,N pΣkqq.
Lemma 5.10. As a 1-morphism of zHam, the sequence pN pΣ1q, ¨ ¨ ¨ ,N pΣkqq
is independent on the choice of parametrizations of the intermediate 1-manifolds
C1, ..., Ck´1.
Proof. Let pi, p1i : R{Z\¨ ¨ ¨\R{ZÑ Ci be two parametrizations of Ci, with
1 ď i ď k ´ 1. Insert a cylinder r0, 1s ˆ Ci between Σi and Σi`1, and
parametrize t0u ˆ Ci and t1u ˆ Ci by pi and p1i respectively, so to have a
sequence
¨ ¨ ¨ Σi // pCi, piq Ciˆr0,1s // pCi, p1iq
Σi`1
// ¨ ¨ ¨
and an associated sequence in zHam:
¨ ¨ ¨ N pΣi,piq// GpCi, piqNpCiˆr0,1s,pi,p
1
iq// GpCi, p1iq
N pΣi`1,p1iq// ¨ ¨ ¨
composing respectively at GpC, p0q and GpC, p1q, we obtain that the two
sequences
¨ ¨ ¨ N pΣi,piq// GpCi, piqN pΣi`1,piq// ¨ ¨ ¨
¨ ¨ ¨ N pΣi,p
1
iq// GpCi, p1iq
N pΣi`1,p1iq// ¨ ¨ ¨
define the same morphism of zHam.

To an elementary 2-morphism we will associate a diagram of Lagrangian
correspondences. Assume first that Y is a compact 3-manifold with boundary
B1Y and codimension 2 corner
B2Y “ C1 \ ¨ ¨ ¨ \ Ck Ă B1Y,
and let Σ be the compact surface with boundary obtained by cutting B1Y
along B2Y . We parametrize each circle Ci in B2Y , and take the induced
parametrization of BΣ.
Definition 5.11. Let Y and Σ be as above,
‚ (Moduli space associated to Y ) Let N pY q “ AF pY q{G cpY q, where
AF pY q “
 
A P Ω1pY q b g | FA “ 0, A|νCi “ θids
(
,
with θi P Bgppiq, νCi a non-fixed neighborhood of Ci, and s P R{Z
the parameter of Ci; and
G cpY q “  u : Y Ñ SUp2q | u|νCi “ 1( .
‚ (Correspondence associated to Y ) Let LpY q Ă N pΣq denote the
image of N pY q by the restriction map to Σ.
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For arbitrary Y , LpY q might not be smooth. However, when this is the
case, Stokes formula implies that the map N pY q Ñ N pΣq is Lagrangian.
Indeed, tangent vectors at rAs of N pY q can be represented by classes of
g-valued 1-forms that are dA-closed, and locally constant near B2Y . For two
such forms α, β,
ωprαs, rβsq “
ż
Σ
xα^ βy “
ż
Y
d xα^ βy “ 0.
We will see that LpY q is a smooth embedded Lagrangian for 0-handle at-
tachments, and for some compression bodies and circle insertions.
0-handle attachments. In this case, Y is a 3-ball, and Σ consists in a disjoint
union of punctured spheres Σi. For each component, by the explicit descrip-
tion in remark 4.4, N pΣiq is identified with an open subset of Bgppiqki´1 ˆ
SUp2qki´1, where ki stands for the number of boundary components. Since
all the boundary circles bound discs in Y , under the previous identification,
LpY q corresponds to the subsetź
i
t0u ˆ SUp2qki´1 Ă
ź
i
Bgppiqki´1 ˆ SUp2qki´1,
as the holonomy along the γ-curves joining the boundaries can take arbitrary
values. It follows that LpY q is smooth, and therefore Lagrangian.
Circle insertion. Assume now that Y : Σ Ñ S corresponds to a circle inser-
tion as defined in definition 5.6, and assume moreover that Σ has length two,
and S length one, i.e.
Σ “ C0 Σ1 // C1 Σ2 // C2 , and
S “ C0 S // C2 ,
with S » Σ1 YC1 Σ2. From proposition 4.5, we have the identification
N pSqzC “ N pΣ1q {ˆ{GpC1qN pΣ2q,
under which LpY q corresponds to the identification 2-morphism
IGpC1qpN pΣ1q,N pΣ2qq,
modulo the codimension 3 subset C. Indeed, if A1 and A2 are flat connexions
on Σ1 and Σ2 that extend flatly to Y , then they must coincide on C1, which
corresponds to the condition of being in the zero level of the moment map
for the diagonal GpC1q-action. And since A is flat and Y z pC0 Y C2q is a
trivial cobordims, the restriction A|S must be gauge equivalent to the gluing
of A1 and A2 on Σ1 YC1 Σ2. It follows from the explicit description of the
moduli spaces that 0 is a regular value of the moment maps (and therefore
the diagonal moment map), and that the GpC1q-action is free. This imply
that IGpC1qpN pΣ1q,N pΣ2qq, and therefore LpY q, are smooth.
2-handle attachmnents. Assume that Y : Σ Ñ S corresponds to 2-handle
attachments on Σ which we assume to be connected (but S may be discon-
nected, yet with no closed components). We will show that LpY q is induced
by a fibered coisotropic submanifold on N pΣq, in the following sense:
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Definition 5.12. A coisotropic submanifold C Ă M of a symplectic man-
ifold pM,ωq is said to be fibered if its characteristic foliation TCKω Ă TC
corresponds to the vertical foliation ker dp of a fibration p : C Ñ B. In this
case, ω induces a symplectic form on B, and L “ piˆ pqpCq ĂM´ ˆB is a
Lagrangian correspondence. We will say that a Lagrangian correspondence
Λ Ă M´ ˆM 1 is induced by C if for some symplectomorphism B » M 1, Λ
corresponds to L.
From the following proposition, it is enough to consider the case when Y
is a single handle attachment.
Proposition 5.13. Let M0, M1, M2 be three symplectic manifolds, and
L01 Ă M´0 ˆM1, L12 Ă M´1 ˆM2 be Lagrangian correspondences induced
by fibered coisotropics C01 Ă M0, and C12 Ă M1. Then the composition of
L01 with L12 is embedded, and is induced by the fibered coisotropic C02 “
p´101 pC12q, where p01 : C01 ÑM1 denotes the fibration.
Proof. Let px0, x1, x2q P L01ˆM1XM0ˆL12, we have x0 P C02, x1 “ p01px0q,
and x2 “ p02px0q, with
p02 “ p12 ˝ p01 : C02 ÑM2.
It follow by differentiating that
pDx0pi01 ˆ p01qpTx0C01q ˆ Tx2M2q X pTx0M0 ˆDx1pi12 ˆ p12qpTx1C12qq
“ Dx0pi02 ˆ p01 ˆ p02qpTx0C02q,
and L01 ˝ L12 “ pi02 ˆ p02qpC02q. 
Assume now that Σ is connected, and Y : Σ ñ S corresponds to a single
2-handle attachment. Assume first that the attaching circle is separating
in Σ, and cuts it in two surfaces Σ1 and Σ2. Denote C11 , ..., C1k1 and C
2
1 ,
..., C2k2 the components of BΣ contained respectively in Σ1 and Σ2. By
assumption, k1, k2 ě 1, otherwise S would have a closed component. Each
of these circles have a basepoint, corresponding to the image of r0s P R{Z.
Pick disjoint embedded paths γ12 , ..., γ1k1 and γ
2
2 , ..., γ2k2 joining the basepoint
of C11 (resp. C21 ) to the other boundary components. Connect also C11 and
C21 by a path δ disjoint from the other curves, and meeting the attaching
circle at one point. Fix finally αi1, βi1, ..., αigi , β
i
gi a symplectic basis of the
fundamental group of Σiz
`
δ Y γ12 Y ¨ ¨ ¨ Y γ1k1
˘
based at (the basepoint of)
Ci1. See figure 3. These curves flow down to analogous curves on S.
Σ1 Σ2
Figure 3. Handle attachment along a separating curve.
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Let θij P Bgppiq denoting the values of a connexion at Cij , and Aij , Bij ,
Γij the holonomies along the corresponding curves, ∆ the holonomy along δ,
and let
Π1 “
g1ź
i“1
rA1i , B1i s
k1ź
i“2
adΓ1i
eθ
1
i ,
Π2 “
g2ź
i“1
rA2i , B2i s
k2ź
i“2
adΓ2i
eθ
2
i ,
corresponding to the holonomies along a loop going aroung the attaching
circle. The spaces N pΣq and N pSq admit the following description:
N pΣq “  `A11, B11 , ¨ ¨ ¨ , A1g1 , B1g1 ,Γ12, ¨ ¨ ¨ ,Γ1k1 , θ12, ¨ ¨ ¨ , θ1k1 ,
A21, B
2
1 , ¨ ¨ ¨ , A2g1 , B2g1 ,Γ22, ¨ ¨ ¨ ,Γ2k1 , θ21, θ22, ¨ ¨ ¨ , θ2k1 ,∆
˘ |
Π1∆Π2e
θ21∆´1 ‰ ´1
)
,
N pSq “  `A11, B11 , ¨ ¨ ¨ , A1g1 , B1g1 ,Γ12, ¨ ¨ ¨ ,Γ1k1 , θ12, ¨ ¨ ¨ , θ1k1 ,
A21, B
2
1 , ¨ ¨ ¨ , A2g1 , B2g1 ,Γ22, ¨ ¨ ¨ ,Γ2k1 , θ22, ¨ ¨ ¨ , θ2k1
˘ |
Π1 ‰ ´1, Π2 ‰ ´1u ,
(we have dropped θ21 and ∆ in N pSq). With C “ tΠ1 “ 1u Ă N pΣq, C is
fibered over N pSq, where p : C Ñ N pSq is given by forgetting ∆ and θ21
(indeed, C » SUp2q ˆ N pSq, where ∆ corresponds to the SUp2q-factor),
and LpY q is the correspondence induced by C (which is coisotropic, since
LpY q is Lagrangian).
The case when the attaching circle is nonseparating is similar, and can be
described in an analogous way by assuming that the attaching circle is one
of the α-curve, see [Caz16, sec. 5.2.1].
If now Y : Σ ñ S is an arbitrary handle attachment, one can decompose it
in single handle attachments. By proposition 5.13 and the above discussion,
LpY q is again induced by a fibered coisotropic, which corresponds to the set
of connexions having trivial holonomies along the attaching circles.
Remark 5.14. If Y is a more general circle insertion or handle attachment,
i.e. the sequences Σ and S can be longer, we have not checked whether or not
LpY q is smooth, but a priori there can be issues such as in remark 3.17. This
is the reason why in these cases we associate more complicated diagrams,
containing only correspondences as above.
General circle insertions. Assume that Y : Σ ñ S, with
Σ “ pΣ1, ¨ ¨ ¨ ,Σi,Σi`1, ¨ ¨ ¨ ,Σkq, and
S “ pΣ1, ¨ ¨ ¨ ,Σi Y Σi`1, ¨ ¨ ¨ ,Σkq,
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corresponds to removing the circle between Σi and Σi`1. To Y we associate
the diagram DpY q:
.
. ¨ ¨ ¨ . . ¨ ¨ ¨ .L
N pΣi`1q
N pΣ1q
N pΣiq
N pΣiYΣi`1q
N pΣkq
,
where L is the circle removal correspondence defined above (and correspond-
ing to the identification 2-morphism).
General 2-handle attachmnents. Assume now that Y : Σ ñ S, is a compres-
sion body, and let
M “ G0 M1 // G1 M2 // ¨ ¨ ¨ Mk // Gk.
N “ G0 N1 // G1 N2 // ¨ ¨ ¨ Nk // Gk.
be the sequences corresponding respectively to Σ and S. Associate then to
Y the following diagram DpY q:
G0
M1
((
N1
66L1 G1
M2
((
N2
66L2 G2
''
66 ¨ ¨ ¨
++
33 Gk´1
Mk
((
Nk
66Lk Gk ,
where Li “ LprYiq stands for the correspondence of definition 5.11, with
Yi Ă Y the piece flowing from Σi to Si, and rYi obtained by modding out the
vertical tubes (i.e. the tubes flowing between the circles of the decomposi-
tions Σ and S) by the gradient flow of the Morse function, i.e. collapsing
them to circles.
Lemma 5.15. (Independence of functions/pseudo-gradient) The diagram
DpY q, as a 2-morphism of zHam, is independent on the choice of Morse
functions and pseudo-gradients.
Proof. First, the choice of a different pseudo-gradient can have the effect
of twisting the vertical tubes, which might have the effect of changing the
correspondences Li, but not the whole diagram, as can be shown by a similar
argument as in lemma 5.10.
Observe then that since they all are of the same index, the number of
critical points on each piece Yi is determined by the decomposition of Σ and
S.
Notice finally that the Lagrangian correspondence only depend on the
attaching circles. And they change just by isotopies or handleslides, which
has no effect on Li.

5.4. Cerf moves invariance. We now prove that two decompositions of a
given cobordism yield equivalent morphisms of zHam, in the sense of defini-
tion 5.8. Before starting, we point out that the weak transversality assump-
tion will always be satisfied in our case. Indeed, L and pśP qˆC will always
be irreducible real algebraic affine varieties, therefore the only way that L
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could fail to intersect pśP qˆC weakly transversely would be to be entirely
contained in it, which is never the case, since in the holonomy descriptions,
L is defined by equations such as HolγA “ 1 for some curves γ, while C
is defined by equations such as HolγA “ ´1: the trivial representation is
always contained in L, but not in C.
At the level of 1-morphisms, the circle insertion/removal invariance follows
from proposition 4.5 and the definition of the equivalence relation.
We now check the moves for 2-morphisms.
Diffeomorphism equivalence. Follows from the fact that a diffeomorphism of
surfaces induces a symplectomorphism on moduli spaces, that preserves the
Hamiltonian actions, and a diffeomorphism of 3-manifolds maps Lagrangian
correspondences to Lagrangian correspondences.
Cylinder creation/cancellation. Follows from the fact that the diagram asso-
ciated to a cylinder is an identity in zHam.
Circle insertion/removal. Follows from the definition of the equivalence rela-
tion in zHam (definition 5.8), and the fact that the diagram associated to a
circle removal is an identification 2-morphism, modulo this relation.
Imbrication of compression bodies. Follows immediately from proposition 5.13.
Critical point switches. There are several cases to be distinguished, depend-
ing on the index of the critical points.
When both index are equal to either 1 or 2, this is a special case of
imbrication of compression bodies.
When one of the critical points has index either 0 or 3, its attaching sphere
(or attaching belt) is a sphere (with some circles in it) and in particular a
whole connected component of the total space of Σ. It follows that the
diagrams associated to the handle attachments correspond to attaching 2-
cells to the sequence M associated to S in a way that does not overlap.
Therefore the order of attachment doesn’t matter.
It remains to check the case when the indexes are 1 and 2.
Let S1, S2 Ă Σ denote respectively a 0-shpere and a 1-sphere, disjoint
from each other. If S1 and S2 lie in different components of the sequence
Σ, invariance follows from the same reasons as in the previous case. If this
is not the case, one can insert circles separating them (by circle insertion
invariance), so that they lie on distinct components.
Index 0-1 (and 2-3) handle cancellation. Let pYi, Yi`1, Yi`2q be as in propo-
sition 5.5. First, N pD0q » N pD1q » pt, and the diagram associated to Yi
consists in inserting the correspondence pt Ă N pD0q ˆ N pD1q. Observe
then that N pΣ1i q and N pD0YpD17Σ1i qq are identified, and both correspond
to the symplectic quotient of N pD17Σ1i q, by the SUp2q-action on BD1. The
diagrams associated to Yi`1 and Yi`2 both correspond (modulo the equiv-
alence relation of definition 5.8) to inserting the identification 2-morphism
for this reduction. It follows that the diagram associated to pYi, Yi`1, Yi`2q
is an identity, modulo the equivalence relation.
Reversing the diagram, we obtain the index 2-3 cancellation move.
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Index 1-2 handle cancellation. Assume that Yi and Yi`1 correspond to a han-
dle cancellation pair, i.e. (the opposite of) Yi and Yi`1 correspond to 2-handle
attachments along two closed curves that intersect transversely at a single
point. We can assume that these curves correspond respectively to α1 and
β1, with α1, β1, ..., αg, βg a symplectic basis of the fundamental group of
the intermediate surface Σ (with the γ curves removed).
These two curves define two coisotropic submanifolds of N pΣq
C1 “ tA1 “ 1u, and
C2 “ tB1 “ 1u
that induce respectively LpY1qT and LpY2q. Since they intersect transversely,
it follows that their composition is embedded, and corresponds to LpYi Y
Yi`1q, i.e. the diagonal correspondence.
6. Future directions
We now outline some directions we plan to take in the future.
6.1. Existence of a (non-quasi) 2-functor, quasi-Hamiltonian ana-
logue. By using the spaces N pΣq, we were able to construct a quasi 2-
functor. A natural question follows:
Question 6.1. Is it possible to replace the spacesN pΣq in our construction by
suitable Hamiltonian manifolds, satisfying a gluing equals reduction principle
in a strict sense (i.e. without C in proposition 4.5), so to obtain a 2-functor
Cob1`1`1 Ñ zHam that still assigns to a closed surface a sequence whose
composition is the SUp2q-character variety?
We believe this question can be answered partially positively, at least
in two ways. First, by using the quasi-Hamiltonian spaces constructed in
[AMM98]. These spaces satisfy a gluing equals reduction principle, but their
moment map takes values in the group, rather than its Lie algebra. This
would lead to the definition of an analogous partial 2-category qHam. How-
ever, it seems not obvious to define Floer homology in this setting, since
these are not symplectic manifolds.
Another possible solution would be to use the infinite dimensional moduli
spaces M pΣq introduced by Donaldson [Don92]: these are moduli spaces
of flat connexions on Σ, but the restriction to the boundary may not be
constant, and defines a map A|BΣ : BΣ Ñ g. This moduli space is acted on
by the gauge group of BΣ, which identifies with k copies of the loop group
LSUp2q.
6.2. Extension to dimension zero. Since the former spaces M pΣq are
infinite dimensional, Floer homology seems also difficult to define in this
setting. However, it seems possible to use these spaces in order to define a
theory extended to dimension zero: to a closed interval I one can associate
the path group G pIq “MappI, SUp2qq, which comes with an evaluation map
to the boundary of I: ev : G pIq Ñ SUp2q2. One can use these evaluation
maps to glue the groups: if S1 “ I Y J is a decomposition of the circle into
two intervals, one has
G pS1q “ G pIq ˆev G pJq.
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This suggests the definition of a partial 3-category, where objects would
be finite dimensional Lie groups, 1-morphisms Banach Lie groups together
with morphisms similar with these evaluation maps, 2-morphisms Banach
Hamiltonian manifolds, and 3-morphisms G -Lagrangian correspondences.
6.3. Extension to dimension four. The aim of this project is to pro-
mote zHam, or at least the pre-completion Ham, to a 3-category, and extend
the quasi 2-functor defined here to a quasi 3-functor from Cob1`1`1`1 (or a
version enriched with cohomology classes).
If G and G1 are objects of Ham, M,M 1 P hom1pG,G1q, and D,D1 P
hom2pM,M 1q, one would like to define a 3-morphism space hom3pD,D1q
using equivariant Floer homology (or the chain complex defining it). Indeed,
in such a situation, let
M “
ź
M
M´ ˆM,
L0 “
ź
M
∆M ,
L1 “
ź
L
L,
G “
ź
G
G,
where M , L and G run respectively in the set of symplectic manifolds, La-
grangian multi-correspondences and Lie groups appearing in the diagram
D7M7M 1D1. One would then take
hom3pD,D1q “ CFG pL0,L1q.
Several constructions of such chain complexes appeared in the literature, for
example [Fra04, HLS16], or a construction outlined in [DF17]. We plan to
define another version relying on Wehrheim and Woodward’s quilt theory,
that should be well suited for our purposes. The resulting algebraic structure
should be a 3-category analogue of Bottman and Carmeli’s pA8, 2q-categories
[BC18].
6.4. Invariants for knots and sutured manifolds. The framework de-
velopped here should be well-suited for defining invariants of knots, and more
generally sutured manifolds, similar with the ones in Heegaard-Floer theory,
since a sutured manifold can be viewed as a 2-morphism in Cob1`1`1. After
applying the functor, one gets a 2-morphism in zHam, which can be horizon-
tally composed with the coadjoint orbit
 
θ P g | |θ| “ pi2
(
. That precisely
corresponds to putting a traceless condition on the holonomy of a connexion
around a meridian of a knot, as in for example [KM11].
6.5. Relation with Seiberg-Witten theory. The ideas in this section
emerged during a conversation with Guangbo Xu. Denote
FDon : Cob1`1`1 99K zHam
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the quasi 2-functor defined in this paper. One should be able to define a
similar quasi 2-functor
FSW : Cob1`1`1 99K zHam
that would correspond to Seiberg-Witten theory, using extended moduli
spaces of vortices analogous to the spaces N pΣq.
Following Witten’s conjecture, these two theories should be related: one
can expect that there is a natural transformation
T : FDon Ñ FSW ,
i.e. to any k-morphism W : X Ñ Y in Cob1`1`1, should correspond a pk `
1q-morphism in zHam relating FDonpW q and FSW pW q as in the following
diagram:
FDonpXq
T pXq

FDonpW q
// FDonpY q
T pY q

ó T pW q
FSW pXq FSW pW q // FSW pY q.
One can think of T pW q as being associated with the pk ` 1q-morphism
W ˆ r0,8s, where the r0,8s coordinate could correspond to a wavelength.
We plan to build FSW and T in a future joint work, building on the work of
Feehan and Leness [FL01a, FL01b].
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